We apply the recently developped analytical methods for computing the boundary entropy, or the g-function, in integrable theories with non-diagonal scattering. We consider the particular case of the current-perturbed SU (2) k WZNW model with boundary and compute the boundary entropy for a specific boundary condition. The main problem we encounter is that in case of non-diagonal scattering the boundary entropy is infinite. We show that this infinity can be cured by a subtraction. The difference of the boundary entropies in the UV and in the IR limits is finite, and matches the known g-functions for the unperturbed SU (2) k WZNW model for even values of the level.
Introduction
Although the Thermodynamic Bethe Ansatz (TBA) [1, 2] technique has been widely applied for integrable periodic systems, less is known about how it could be used to compute boundary related quantities. An important example is the boundary entropy, which is given by the O(1) correction to the finite temperature partition function of an one dimensional quantum system with open boundary condition log g a (R) = 1 2 lim
Here R denotes the inverse temperature, L is the system volume and a is the boundary condition. In the conformal limit R → 0, it is also known as Affleck and Ludwig's gfunction [3] . By abuse of language we call it g-function even for off-critical theories.
In a theory with diagonal scattering, an analytic expression for the boundary entropy is known. If we denote the particle types by n, the rapidity variable by u, the scattering derivatives by K nm (u, v) ≡ −i∂ u log S nm (u, v) , the reflection derivative corresponding to a boundary condition of type a by K a n (u) ≡ −i∂ u log R a n (u), the pseudo-energies at inverse temperature R by Y n then 2 log g a (R) = 2 log g trees a (R) + 2 log g loops a (R),
2 log g trees a
2 log g loops a (R) = log det
where the kernelsK ± have support on R + and their actions are given bŷ
The derivation of the above formula has a relatively long history. The first attempt to derive it from TBA was done in [4] where the authors obtained expression (3) as the saddle point approximation. Fluctuations around the saddle point were then computed by Woynarovich in [5] , yielding the denominator of (4). In [6] , the authors took a new approach and considered the low temperature expansion of the partition function. After explicitly working out the first few terms, they conjectured a series expansion for the gfunction in the same spirit as a Leclair-Mussardo series [7] . In [8] Pozsgay cast this series into the form (4) and interpreted the nominator as a non-trivial functional integration measure around the TBA saddle point, thus complementing the work of Woynarovich. In [9] we re-derived this result by generalizing the approach of [6] to arbitrary number of particles. We obtained a graph expansion of the partition function with help of the matrixtree theorem. The boundary-dependent term (3) was expressed as a sum over trees while the boundary-independent term (4) is a sum over loops.
The analytic expression (2) has been verified for a wide class of massive integrable theories with diagonal bulk scattering and boundary reflections [10] . For massless theories, only minor modification in the form of the TBA equations is needed [11] .
A general formula as (2) is not known for theories in which the bulk scattering is not diagonal. Let us first spell out why the methods of [8] and [9] are not justified in this case. The diagonalization by the Nested Bethe Ansatz technique involves particles of magnonic type, which are auxiliary particles with zero momentum and energy. The functional integration measure, as it is derived in [8] , as well as the the summation over multiparticle states in [9] or [6] treat the physical and the auxiliary particles in exactly the same way. This is justified only for states with asymptotically large number of physical particles. For states with finite number of physical particles, which dominate in the IR limit, the solutions of the Bethe Ansatz equations do not obey the string hypothesis and moreover the number of the magnons and the number of the physical particles must respect certain constraint. On the other hand, finding and summing over the exact solutions for the auxiliary magnons is of course a hopeless task.
In this paper we demonstrate on a concrete example that assuming solutions in the form of Bethe strings and summing over unrestricted number of auxiliary particles nevertheless leads to a meaningful result for the boundary entropy, up to an infinite constant which can be subtracted. The subtraction is done by normalizing the g-function (2) by its zero temperature value.
The appearance of this infinite piece has an obvious explanation. When the theory is massive in the bulk, the boundary entropy must vanish at zero temperature. If the bulk scattering is diagonal, this condition is automatically satisfied by the expression (2) as all pseudo-energies vanish in this limit. For non-diagonal bulk scattering however, magnonic particles decouple from the physical ones at zero temperature and retain nonzero pseudo-energies. In the formalism of [9] , our normalization amounts to subtracting the contribution from unphysical graphs made of these auxiliary particle. We denote in this paper
As a test for this proposal, we show that it is possible to match the ratio g UV g IR with a conformal g-function under certain assumptions. The theories under study are the current-perturbed SU (2) Wess-Zumino-NovikovWitten (WZNW) model at positive integer levels k. The bulk scattering of these theories are not diagonal, as each particle carries quantum numbers that can be nontrivially exchanged during collisions. With the Nested Bethe Ansatz technique, one can trade the nondiagonal scattering for a diagonal one with extra magnonic particles: SU (2) magnon and kink magnon. In the thermodynamics limit these particles can form bound states which are strings of evenly distributed rapidities on the complex plane. In particular SU (2) magnons can form strings of arbitrary lengths, effectively leading to an infinite number of particles in the TBA formalism. In the derivation of the TBA free energy one ignores that the above is true only for asymptotically large number of physical particles. The price to pay, as we will show later, is that both expressions (3),(4) are logarithmic divergent in the IR and UV limit 1 . We regularize these divergencies by introducing a twist or equivalently a chemical potential to the TBA equations. The chemical potential makes the sum over the auxiliary magnons finite. The twist/chemical potential is added to the TBA equations for the sole purpose of regularizing the g-function and we do not discuss its effects on the UV limit of the theory. The only change induced by this modification in the formulae (3) and (4) is the asymptotic values of Y-functions. We are then able to express the IR and UV g-function as functions of the twist parameter and evaluate their ratio in the untwisted limit. For a specific choice of boundary condition it is given by
which coincides with a Cardy g-function (16), namely g k 2 for even k. Equation (6) is the main result of this paper. The paper is organized as follows. In section 1 we present the basic features of SU (2) WZNW CFT at level k with emphasis on its Cardy g-functions. We also show how the boundary entropy of a massive perturbation of this CFT flows to its UV value when the temperature is sent to infinity. In section 2 we introduce the current perturbation of this CFT and its TBA equations. We show how various quantities can be extracted from solutions of the TBA equations in the UV or IR limit. We conjecture a specific set of diagonal reflection factors in section 3, fixing the values of K a n (u) in equation (3) . With the data from section 2 and 3, we show in section 4 that the expressions (3) and (4) diverge in the UV and IR limit. We then show using twisted TBA equations that these divergencies can be regularized, leading to (6) as the final result.
Although a general method for finding the g-function of a theory with non-diagonal bulk scattering is still missing, there are models with particular features that allow this quantity to be extracted via case-dependent techniques. In [13] , the g-functions of perturbed unitary minimal models were studied using the roaming trajectory of the staircase model [14] . The latter is a theory with diagonal bulk scattering that depends on a free parameter. This parameter can be tuned with temperature to form a plateau RG flow with successive unitary minimal models on its steps. Recently Pozsgay [15] computed the spin chain analogue of g-function for the XXZ spin chain using quantum transfer matrix and independent results on integrable overlaps. The TBA of this spin chain also involves an infinite number of magnon strings. It could be observed from the results of [13] and [15] that the Fredholm determinant structure (4) of the g-function is still relevent for theories with non-diagonal bulk scattering.
Setup

SU (2) k WZNW CFT and its boundary states
The Wess-Zumino-Novikov-Witten (WZNW) model for a semisimple group G is defined by the action
where the Wess-Zumino term Γ is
Here g is a map from the two-sphere to G andg is its extension from the corresponding two-ball to the same group. Such an extension comes with an ambiguity of topological origin, leading to integer values of k.
These currents satisfy the current algebra G k while their bilinear satisfies the Virasoro algebra. The latter implies in particular conformal invariance and we refer to the theory at this coupling as the WZNW CFT of G at level k.
In the following we consider the case G = SU (2) . The left(right) moving sector of this theory consists of k + 1 irreducible representations V λ of SU (2) k corresponding to its k + 1 integrable weights. The characters χ λ = q −c 24 Tr V λ q L 0 transform to one another under the modular transformation τ → −1 τ . This transformation is encoded in the modular S-matrix of the theory
It is explicitly given by
which is a real, symmetric matrix that satisfies S 2 = 1. The central charge and conformal dimesnsions are obtained from the Sugawara construction of the energy-momentum tensor
The fusion coefficients N κ λ,η denote how many times the field φ κ appears in the operator product expansion of φ λ and φ η . They satisfy the Verlinde formula
Above is our quick summary of SU (2) k WZNW CFT data. Consider now this CFT on manifolds with boundaries. Two geometries are relevant for our discussion. First let us consider the upper half complex plane. The continuity condition through the real axis requires that the underlying symmetry involves only one copy of the algebra instead of two. A particular set of boundary states which are invariant under the Virasoro algebra as well as the affine SU (2) Lie algebra is called Ishibashi states [16] . These states are in one-to-one correspondence with bulk primaries and are denoted as λ⟫
Other boundary states are obtained from linear combination of Ishibashi states
So, on the upper half complex plane, one is quite free to choose the boundary state. The situation is greatly different if the theory is restricted on an annulus. In this geometry let us consider two boundary states a⟩ and b⟩ of the form (11) on its sides. Denote by q = exp(−πR L) the modular parameter of this annulus. On one hand one can quantize this theory according to the Hamiltonian H ab with a, b as boundary conditions
where the non-negative integers n and b⟩. The periodic Hamiltonian can be written in terms of Virasoro generators via a conformal mapping, leading to
For the theory under consideration, each representation λ of the extended algebra appears only once in the spectrum. By identifying the two expressions (12) and (13) we obtain the following relation
where we have used the fact that S is real symmetric and S 2 = 1. Relation (14) is referred to as Cardy equation [17] , which sets the constraint on admissible boundary states on an annulus. A particular solution is given by
where the Cardy equation becomes the Verlinde formula (9) . We refer to these boundary states as Cardy states and denote them by C a ⟩, a = 0, k. Due to the difficulty in defining the Wess-Zumino term for a surface with boundary, our discussion of g-function should be taken at the operatorial level. We also stress that the boundary states under consideration are invariant under the extended algebra. For boundary states which are only conformal invariant, see [18] .
Off-critical g-function
Let us now assume that there is an 1+1 dimensional integrable massive quantum field theory which admits SU (2) k WZNW CFT as its UV fixed point. We consider such a theory on a cylinder of length L and radius R which plays the role of periodic Euclidean time or equivalently, inverse temperature. We further assume that we can define the boundary conditions in such a way that integrability is conserved 2 .
One would expect from integrability that, at arbitrary temperature, it is possible to compute the bulk free energy and boundary entropy densities of the theory
We also assume that in the conformal limit R → 0 the two integrable boundary conditions can be identified with some CFT boundary sates a⟩ and b⟩ 3 . Then in this limit the modular parameter q tends to one and the contribution of vacuum state dominates other terms in the partition function (12) 
Therefore the bulk free energy becomes proportional to the CFT central charge
while the boundary contribution to the partition function is given by the sum
Apply now the Cardy equation (14), one can identify the contribution of each boundary with the corresponding overlap with the Ishibashi state 0⟫. In particular, if the boundary state happens to be a Cardy state, we expect the boundary entropy to flow to
in the UV limit. It is the purpose of this paper to give the exact expression for the boundary entropy g a at arbitrary temperature for a particular perturbation of SU (2) k WZNW CFT and to match its value with some Cardy g-function in the UV limit. First, we remind how to compute the bulk free energy f (R) using the Thermodynamic Bethe ansatz technique. In particular we will verify the limit (15).
TBA equations for current-perturbed SU (2) k WZNW
The perturbation we are going to consider belongs to a larger family of perturbations of diagonal coset CFT's G k × G l G k+l where G is simply-laced. It was first shown in [20] that it is possible to perturb this CFT while still preserving part of its symmetry. The perturbing operator is the branching between two scalar representations and the adjoint representation in the Goddard-Kent-Olive (GKO) construction. Moreover, for negative sign of the perturbing parameter, this perturbation leads to a massive field theory. In the same paper, a factorized scattering matrix for this field theory in the particular case of G = SU (2) was proposed
where RSG stands for restricted sine-Gordon. Each factor in this tensor product is a S-matrix of the sine-Gordon theory at coupling β 2 8π = (k + 2) (k + 3) and (l + 2) (l + 3) respectively. The idea is to rely on the quantum group symmetry of the sine-Gordon S-matrix when the deformed parameter is a root of unity (q = − exp[−iπ (k + 2)]) to restrict the original multisoliton Hilbert space to direct sum of irreducible representations of this quantum group. As a result the infinite set of vacua of the sine-Gordon theory is truncated to k + 1 (l + 1) vacua and a particle of the restricted theory is defined to be a kink interpolating adjacent vacua. This case was further studied in [21] where a system of TBA equations was conjectured and shown to yield the correct central charge of the unperturbed CFT in the UV limit. It should be noted that the TBA system in [21] was not based on the scattering reported in [20] but was instead taken as generalization of several known cases. A derivation of TBA equations for G = SU (N ) from the basis of scattering data was later carried out in [22] . The extension to other simple Lie algebras was done in [23] . See also [24] for a lattice realization.
In this paper we are interested in the limit l → ∞ and G = SU (2) where the coset CFT reduces to SU (2) k WZNW and the branching operator becomes its Kac-Moody current. Moreover the second factor in the S-matrix (17) becomes the S-matrix of the chiral SU (2) Gross-Neveu model. We first study this theory independently.
Chiral SU (2) Gross-Neveu model and its TBA equations
The chiral SU (N ) Gross-Neveu model (also known as the massive SU (N ) Thirring model) is conventionally defined via an action involving N Dirac fermions
Using the technique of nonabelian bosonization [25] , this action was shown to be equivalent to the action of current-perturbed U (N ) 1 WZNW theory [26] , [27] . The U (1) center is identified with a massless boson that decouples from the rest of the spectrum, which we shall refer to as the chiral SU (N ) Gross-Neveu model. For N = 2 it is also equivalent to sine-Gordon theory at β 2 = 8π, thus explaining the l → ∞ limit in (17). Each particle of this theory is in one-to-one correspondence with fundamental representations of the SU (N ) group. The particle corresponding to the Young tableau of one column and a rows is a bound state of a vector particles and has mass
The scattering matrix between vector particles can be elegantly derived from Yang-Baxter equation, unitarity and crossing symmetry along with bound state structure [28] . To this end one obtains the so-called minimal S matrix
where P S and P A are projections to the symmetric and antisymmetric representations that appear in the tensor product of two vector representations. This matrix can be used as elementary block to construct the scattering matrix between any particles of the theory. By simplifying the product of scalar factors and writing the matrix part in terms of the permutation operator, we can rewrite (19) as
with
For N = 2 4 , there is only one particle in the spectrum so the vector-vector scattering is all we need
With the scattering matrix at hand, one can now quantize a multiparticle state on a circle of length L which is large compared to the inverse mass scale. The periodic condition imposed on the wave function Ψ⟩ = θ 1 , θ 2 , ..., θ N ⟩ when a particle of rapidity θ j is brought around the circle and scatters with other particles reads
Using the fact that the scattering matrix at coinciding rapidity is exactly minus the permutation operator, one can cast the above equation in the following form
where
is the transfer matrix. The advantage of writing Bethe equations in this form is that we can now regard the physical rapidities θ ′ s as nondynamical impurities on a spin chain. The argument u of the transfer matrix plays the role of the rapidity of an auxiliary particle living in time direction. The transfer matrix can then be diagonalized using the technique of Algebraic Bethe Ansatz. Its eigenvalues are parametrized by a set of rapidities u 1 , ..., u M , which, in the spin chain picture, are physical rapidities. Referring to appendix A for more details, we write here the set of Bethe equations that quantize multiparticle states of chiral SU (2) Gross-Neveu model
We see that in the original picture, the rapdities u ′ s correspond to auxiliary particles with vanishing energy and momentum. By construction, their number should not exceed half the number of physical rapidities.
In the thermodynamics limit (L → ∞), the dominant contribution to the partition function comes from solutions of the system (24) with macroscopic numbers of particles N and M . As the number of physical particles N plays the role of spin chain length for the auxiliary particles, in this regime a special family of solutions appears. They are strings of auxiliary rapidities evenly distributed in distance of iπ and symmetric with respect to the real axis.
With this string hypothesis, we effectively deal with an infinite number of particle species in thermodynamic limit. We label the physical rapidity by 0 and the auxiliary rapidities by the length of the corresponding string. The TBA equations at inverse tem-
where the scattering kernels K mn are given in (66),(67) and the convolution is normalized as
As shown in appendix A, this system of TBA equations can be transformed into a local form called Y-system
, Y −1 = 0 and s is a simple kernel whose Fourier transform is given in (73). Only the Y-function of the physical rapidity enters in the free energy density
Two special regimes are of interest. At zero temperature the solutions of TBA equations become constants
As we turn on the temperature, a plateau structure starts to develop for each Y-function inside the region from − log[2 (mR)] to log[2 (mR)]. Ouside of this region Y-functions retain their IR values while the tops of the plateaux flatten out at height
There are two consistency checks for these stationary solutions. In the zero temperature limit one would expect the behavior of a non-interacting gas. In particular, as the physical particle belongs to the vector representation of SU (2), the leading contribution to the free energy should be
By replacing the leading term of the physical Y-function into the expression (27) we see that this is indeed the case
At the UV, the Casimir energy computed from TBA should match the central charge of the unperturbed CFT, as explained in (15) c(
As the temperature approaching infinity the edges of the plateaux possess temperatureindependent structures which satisfy scale invariant TBA equations [29] . As a result, the above integral can be expressed in terms of Roger dilogarithm function [30] lim
The particle densities can also be easily computed in the UV limit [31] . Let us denote by D 0 = N 0 L the density of physical particle and D a = N a L that of string of length a, then
In particular the density of physical particle is exactly twice the total density of auxiliary particles in this limit
For later discussion of g-function, we present here also the TBA equations in the presence of a chemical potential coupled to the SU (2) symmetry. Denote by µ the chemical potential of the physical particle. In the spin chain language, µ can be thought of as the strength of an external magnetic field. The auxiliary particle corresponds to spin flipping and is asigned a chemical potential of −2µ. A string of n auxiliary particles have chemical potential −2nµ. The TBA equations now read
This inclusion of chemical potential does not affect the structure of Y system (26), it does affect however the asymptotic values of Y-functions. Write 2µ = − log κ, the new IR and UV values of Y functions are given by
where the κ-quantum numbers are defined as
We can repeat the above analysis for this twisted theory. At zero temperature, the double degeneracy of up/down spin is lifted
In the UV limit the particle densities are now given by
The scaled free energy density
where µ 0 = µ, µ n = −2nµ for n ≥ 1, can again be computed in the UV limit with help of Roger dilogarithm function
It should be stressed that the introduction of a chemical potential in the TBA equations serves only at regularizing the g-function. We do not attempt to establish the link with CFT limit. See [32] , [33] for discussions in this direction.
Generalization to higher level
Each particle now carries in addition to the SU (2) quantum number a kink quantum number. Each kink connects two adjacent vacua among k + 1 vacua of the truncated sineGordon Hilbert space. One usually calls (a, a + 1) a kink and (a + 1, a) an anti-kink. When kinks are scattered, only the middle vacuum can be interchanged. For k = 1 there are two vacua and the only scattering is between kink (1, 2) and anti kink (2, 1), which is trivial. The S-matrix for the kink scattering
where a = 1, k + 1 is the vacuum index, p = k + 2 and
The scattering matrix is the tensor product of the SU (2) chiral Gross-Neveu S-matrix and the kink S-matrix
The TBA system for perturbed SU (2) k consists of two parts. The right wing consists of SU (2) magnon bound states, exactly like the Gross-Neveu model. The left wing are formed of kink magnon bound states. There are a priori k of them but the longest one does not contribute to the thermodynamic properties. This results in a reduced TBA system involving only k − 1 kink magnons The scattering kernels are given at the end of appendix B.2. For later discussion of g-function we present here their convolutions with identity
The TBA equations (36) can be transformed into an equivalent Y system. The same kernel s in (73) connects the two wings to the physical node, despite different scattering structures on each wing. Again, we denote
The UV and IR solutions of this Y-system are
from which we recover the central charge of the unperturbed CFT
For a proof of this identity, see for instance [34] . We can add to the TBA equations (36) a chemical potential coupled to the SU (2) symmetry only. The Y system (37) is again protected. In the IR limit the left wing decouples from the right wing and is immune to the SU (2) chemical potential. The IR values on the left wing is therefore unchanged, while on the right wing we have
In the UV limit all nodes are affected by the twist
Similar to the case of level 1, we can compute the particle densities in this limit
as well as the scaled free energy density
The reflection factors
Due to the factorization property of the S-matrix (35), we can study the reflection factors for kink magnons and SU (2) magnons independently. After the maximum string reduction procedure (see appendix (B.2)), the effective scattering between k − 1 kink magnon strings are very similar to the scattering of the A theories in the ADE family [30] . The scattering phase between a kink magnon string of length n and another one of length m, for n, m = 1, k − 1 is given by
where θ is the rapidity difference between the two string centers. On the other hand, the A k−1 S-matrix describes the purely elastic scattering of the coset CFT
perturbed by its (1, 1, adj) operator 6 . This massive perturbation consists of k − 1 particles n = 1, ..., k − 1 wheren = k − n with mass spectrum
The purely elastic scattering between these particles is
So indeed, despite the different underlying physics, the two scattering phases (40) and (41) are identical up to a redefinition of rapidity variable
This suggests that we can use the minimal reflection factor already derived for A series [35] , [10] for the kink magnons. It is the solution of the boundary unitarity, crossing and bootstrap equations with a minimal number of poles and zeros
It satisfies in particular the following identity
where K j = −i∂ log R j , which greatly simplifies the form of the corresponding g-function in the next section. For parafermions, this set of relection factors is assigned with the fixed boundary condition or equivalently the vacuum representation of both SU (k) 1 and SU (k) 2 . The g-function was found to be
On the other hand, we consider trivial reflection factors on the SU (2) magnons. We do not aim at proving this point but we merely conjecture it based on the result of non linear O(N ) sigma model with boundary [36] , [37] , where similar magnon structure arises. What we are doing is to first diagonalize the bulk theory by nested Bethe Ansatz technique. We then treat the theory as one with diagonal scattering and find the reflection factors based on this bulk diagonal scattering. The standard way to do it would be to start with a set of reflection factors that satisfy the boundary Yang-Baxter equation. One then writes Bethe equations with these reflection factors and diagonalizes the corresponding two-row transfer matrix.
To summarize, we conjecture the following set of TBA equations for current perturbed SU (2) k theories in the presence of boundaries
We denote from now on the convolution of the boundary reflections with identity by B j = K j ⋆ 1. They are given by (42) for kink magnons and are zero for SU (2) magnons.
For the physical rapidity, we leave it as a parameter.
g function
We now have all the necessary ingredients to study the UV and IR limit of the g-function of the current-perturbed SU (2) k theories. For convenience we repeat here the result (1)- (3), with an equivalent form of the loop part that is more adapted to actual computation 2 log g(R) = 2 log g trees (R) + 2 log g loops (R),
2 log g loops (R)
The goal of this section is to support to our proposition (5) by proving that it is possible to match the normalized UV g-function, namely g UV g IR with a conformal g-function (16) in some cases. While carrying out this normalization we encounter divergence in both IR and UV limit. We illustrate this phenomenon for the Gross-Neveu model and show how an appropriate regularization could lead to a finite ratio.
Level 1-Gross Neveu model
At zero temperature, the tree part (45) of the g-function can be exactly evaluated. With the Y-functions given by constants in (28), the reflection kernels for SU (2) magnons being zero and the scattering kernels K nn given in (69), it turns out to be divergent in this limit
The tadpole (the n = 1 term in the series (46)) suffers from a similar divergence
This logarithmic divergence is present for higher order terms and for the infinite temperature limit alike. We believe it is a common feature among models with an infinite number of string magnons.
As a regularization, we propose to use the twisted TBA solutions (33) . The tree part of the IR g-function can now be expressed in terms of the twist parameter κ
To evaluate the loop part, we remark that for constant Y-functions the series (46) can be written as a determinant
The factor 1 2 comes from the change of variables
We show in appendix C.1 that
By combining the two contributions (49) and (52), we obtain the IR g-function of GrossNeveu model as a function of the twist parameter. In the untwisted limit κ → 1 it behaves as
We can repeat the same analysis for the UV limit, using the corresponding twisted constant solution (33) . Compared to the IR limit we algo get contribution from the physical rapidity. The loop part can again be written as a determinant by replacing the IR by UV values in the matrix (51). We show in appendix C.2 that this determinant is again a very simple function of the twist parameter
2 log g loops
The UV value of g-function exhibits the same divergence as the IR one in the untwisted limit
In particular their ratio is well defined
The two Cardy g-functions (16) of SU (2) 1 CFT take the same value g
For integrable boundary conditions, the reflection factor usually gives rational value for B 0 and our proposition (57) could not be matched with a Cardy g-function. We carry on our analysis to higher levels.
Higher levels
We first consider the IR limit, in which the left and right wing are decoupled. The former is not affected by the twist while the latter is identical to the IR of the Gross-Neveu model. Our choice of reflection factors with the property (42) eliminates the left wing from the tree part of the g-function. As a consequence we get the same result as the IR tree part of Gross-Neveu model (49) 2 log g trees
The loop part is factorized into two determinants 2 log g
The finite determinant involving the trigonometric Y-functions has been computed in [10] while the infinite determinant is exactly the same as that of IR Gross-Neveu
By summing the two parts, we obtain the IR g-function. Its behavior in the untwisted limit is
In the UV limit all Y-functions are twisted. Again only the right wing contributes to the tree part of g-function
The loop contribution is given by a determinant that connects the two wings. We compute this determinant in appendix C.2. Despite its complicated form, as the structure of scattering kernels on the left and right wing are different, the result is simple
The UV g-function is obtained by summing (61) and (62)
We see that the IR (60) and UV (63) values of g-function exhibit the same divergence in the untwisted limit. We can therefore extract their ratio
To remind, the Cardy g-functions are given by
Therefore we can match our normalized UV g-function (64) with g k 2 for even k as long as the reflection factor of the physical rapidity satisfies B k = 1 − 1 (4k). Let k = 2m then the corresponding bulk primary has conformal dimension
Conclusion
In this paper we propose the following procedure to study the g-function of a massive integrable theory with non-diagonal bulk scattering
• Diagonalize the theory using the Nested Bethe Ansatz technique.
• Treat the newly obtained theory as diagonal with extra magnonic particles and apply the results (2)-(4) to compute its g-function.
• Normalize the g-function by its zero temperature limit value.
We test our proposition for the current-perturbed SU (2) WZNW CFTs. The TBA of these theories involves an infinite tower of magnon strings. As a consequence both the tree (3) and loop (4) part of the g-function diverge at zero and infinite temperature. This phenomenon is illustrated for the Gross-Neveu model in (47),(48). We conjecture that such divergence is present at arbitrary temperature. By considering the twisted TBA, we are able to compute these two limits of g-function as functions of the twist parameter κ. It is found that they exhibit the same divergence − 1 2 log(1 − κ) in the untwisted limit κ → 1 (60),(63). The normalized UV g-function is then well defined (64) and can be identified with a Cardy g-function of the unperturbed CFT under some assumption on the reflection factor of the physical rapidity and for even levels.
This normalization has a diagramatical interpretation in the formulation of [9] . At zero temperature the boundary entropy is given by the sum of all graphs made exclusively of auxiliary magnons. The contribution of these graphs does not depend on the temperature and can be absorbed into the normalization of the partition function. No physical observable will involve such graphs.
A Gross-Neveu TBA and Y system
The Bethe equations for a state of N physical rapidities θ 1 , ..., θ N and M magnonic rapidities u 1 , ..., u M read
String solutions are formed of magnon rapidities equally spaced in distance of i. Let u k,n be the real center of a string of length n then the ensemble of string rapidities are given by
The scattering phase between strings (and physical node) is the product between the scattering phases of their constituents
The corresponding scattering kernels are
Their Fourier transforms are simplê
Here we normalize the Fourier transformation aŝ
For the physical-physical scattering (22)
The above kernels control the TBA equations
By defining Y n = Y −1 n for n ≥ 1 and Y 0 = Y 0 we can transform this to the Y-system
where the kernel s has the following Fourier transform
To prove that (71) leads to (72) we first act by −s to the TBA equation of Y 1
With help of the following identities
We can write (74) as
which is the first equation of Y system. Next, we act s to the TBA equation of Y 2
this time we need the folowing identities
From which we have
For n ≥ 2 we can show from the average property s ⋆ (K 0,n−1
B Derivation for higher levels B.1 The scattering and the kernels
The scalar factors and their exponential form [22] S SU (2) 0
The Bethe equations involving N physical rapidities θ, M SU (2) magnon rapidities u and P kink magnon rapidities v
with some constants j , Ω k , Ω q . String solutions u strings of length
The scatterings between SU (2) strings with themselves and between them and the physical rapidity are the same as before. For kink magnon strings
where we have noted for convenience
The Fourier transforms of the kink magnon strings scattering kernel
B.2 Maximal string reduction and reduced TBA
At this point we have the raw TBA equations
where we have used the tilde indices to denote kink rapidities, also0 = 0.
Maximal string reduction [22] : u string of length k doesn't contribute in the thermodynamic limit. Thek string is frozen in the sense that Yk = ∞. We look at the TBA equation for this string
Upon replacing log Yk by log(1 + Yk), we can effectively remove thek node from our TBA system
The reduced system (only the kink magnon related part) read
The following identity drastically simplifies this system
To summarize, the reduced TBA system for integrable perturbed SU (2) k is
... 
B.3 Y system
To transform this into the Y system, we notice that the universal kernel s still satisfies the average property for the newly introduced hyperbolic kernelŝ s(K k,n−1 +K k,n+1 ) =K kn , n = 1, k − 1.
As a result, deep in the left or right wing, there would be no problem. We just need to check for the three nodes k − 1, k, k + 1. We act with −s on the TBA equations of k ± 1
We need the following identities
Then it follows that
The right wing is coupled to the physical node in the same way as Gross-Neveu. For the left wing, we act with s to the TBA equation of Y k−2
We obtain
C Determinants
We compute the determinants that appear in the main text. We have found these results by Mathematica. For simplicity we introduce the following notation
C.1 The IR determinant
We compute det(1 −K) wherê κ a+1 )(1 − κ b+1 ) , a, b ≥ 1.
This matrix can be implemented directly in Mathematica and we get five digit precision for twist parameters smaller than 1/2 using the first 30 magnon strings. As the twist parameter tends to 1, more strings are needed to keep the precision. We can read from this numerical data that
This gives the loop part of IR g-function (52).
There is a more elegant way to obtain this result. We remark that the matrixK can be written in a slightly different way without changing the determinant of 1 −K
, a, b ≥ 1.
By factorizing the second factor we can show that (76) is equivalent to
From the usual method of computing the determinant of Cartan matrix of A type, we can reformulate the problem as follows. Let G a be a sequence of numbers defined by the iterative relation
We owe this derivation to Romuald Janik. Unfortunately we can only verify numerically the asymptotic (78).
C.2 The UV determinant
We compute det(1 −K) wherê
Again we choose a cut-off on SU (2) magnon string length of 30. This gives five digit precision for values of the twist parameter smaller than 1 2. κ = 0.5 κ = 0.6 κ = 0.7 κ = 0.8 κ = 0.9 k = 2 2 This leads to the loop part of UV g-function (62).
